We modify the field equations of f (T ) gravity theories such that they become invariant under Local Lorentz Transformation (LLT) in the case of spherical symmetry. A "general tetrad field", with an arbitrary function of radial coordinate preserving spherical symmetry is provided. We split that tetrad field into two matrices; the first represents a LLT, which contains an arbitrary function, the second matrix represents a proper tetrad field which is a solution to the field equations of f (T ) gravitational theory, (which are not invariant under LLT). This "general tetrad field" is then applied to the modified field equations of f (T ). We show that the effect of the arbitrary function which is involved in the LLT invariably disappears.
Introduction
Amended gravitational theories have become very interesting due to their ability to provide an alternative framework for understanding the nature of the dark energy. This is done through the modifications of the gravitational Lagrangian so as it render an arbitrary function of its original argument, for instance f (R) instead of Ricci scalar R in the EinsteinHilbert action [1, 2] .
Indeed there exists an equivalent construction of General Relativity (GR) dependent on the concept of parallelism. The idea is initially done by Einstein who had tried to make a unification between electromagnetism and gravity fields using absolute parallelism spacetime [3] . This goal was frustrated by the lack of a Schwarzschild solution. Much later, the theory of absolute parallelism gained much attention as a modefication theory of gravity, refereed to "teleparallel equivalent of general relativity" (TEGR) (cf. [4] ). The basic block in TEGR is the tetrad field. The tetrad field consists of fields of orthonormal bases which belong to the tangent space of the manifold. Note that the contravariant tetrad field, h i µ , has sixteen components while the metric tensor has only ten. However, the tetrads are invariant under local Lorentz rotations.
The aim of the modification is to treat a more general manifold which comprises in addition to curvature a quantity called "torsion". The curvature tensor, consists of a part without torsion plus part with torsion, is vanishing identically. One can generally use either the torsion-free part or the torsion part to represent the gravitational field. The most suitable way is to deal with the covariant tetrad field, h i µ , and the so-called Weitzenböck spacetime [5] . The tetrad field describes fields of orthonormal bases, which are related to the tangent spacetime of the manifold with spacetime coordinates x µ . This tangent spacetime is Minkowski spacetime with the metric η ij that can be defined at any given point on the manifold.
Recently, modifications of TEGR have been studied in the domain of cosmology [6] . This is known as f (T ) gravity and is built from a generalized Lagrangian [6] . In such a theory, the gravitational field is not characterized by curved spacetime but with torsion. Moreover, the field equations are only second order unlike the fourth order equations of the f (R) theory.
Many of f (T ) gravity theories had been analyzed in [7] - [19] . It is found that f (T ) gravity theory is not dynamically equivalent to TEGR Lagrangian through conformal transformation [20] . Many observational constraints had been studied [21] - [24] . Large-scale structure in f (T ) gravity theory had been analyzed [25] ; perturbations in the area of cosmology in f (T ) gravity had been demonstrated [26] - [29] ; Birkhoff ′ s theorem, in f (T ) gravity had been studied [30] . Stationary solutions having spherical symmetry have been derived for f (T ) theories [31, 32, 33, 34] . Relativistic stars and the cosmic expansion derived in [35, 36] .
Nevertheless, a major problem of f (T ) gravitational theories is that they are not locally Lorentz invariant and appear to harbour extra degrees of freedom.
The goal of this study is to amend the field equations of f (T ) gravitational theory so that they become invariant under LLT. We then apply a "general tetrad" field, which is consists of two matrices; the first is a solution to the non-invariant field equation of f (T ); and the second matrix is a local Lorentz transformation, to the amended field equations and show that the effect of LLT always dies.
In §2, a brief survey of the f (T ) gravitational theory is presented.
In §3, a "general tetrad" field, having spherically symmetric with an arbitrary function of the radial coordinate r is applied to the field equations of the f (T ) which are not invariant under LLT. It is shown that the arbitrary function has affect in this application.
In §, 4, we derive the field equations of f (T ) which are invariant under LLT. We then apply these amended field equations to a "general tetrad" field. We show that the effect of the arbitrary function invariably disappears.
Final section is devoted to discussion.
Brief review of f(T)
In the Weitzenböck spacetime, the fundamental field variables describing gravity are a quadruplet of parallel vector fields [5] h i µ , which we call the tetrad field. This is characterized by:
where Γ µ λν defines the nonsymmetric affine connection:
Equation (1) leads to the metricity condition and the identical vanishment of the curvature tensor defined by Γ λ µν , given by equation (2) . The associated metric tensor g µν is defined by
with η ij = (−1, +1, +1, +1) that is metric of Minkowski spacetime. We note that, associated with any tetrad field h i µ there is a metric field defined uniquely by equation (3), while a given metric g µν does not determine the tetrad field completely, any LLT of the tetrad h i µ leads to a new set of tetrad field which also satisfies equation (3).
The torsion components and the contortion are defined as:
where the contortion equals the difference between Weitzenböck and Levi-Civita connection, i.e., K One can defined the skew-symmetric tensor S α µν as
The torsion scalar tensor is defined as
Similar to the f (R) theory, one can define the action of f (T ) theory as
(assuming units in which G = c = 1). Considering the action in equation (7) as a function of the tetrad field h i µ and putting the variation of the function with respect to the tetrad field h i µ to be vanishing, one can obtain the following equations of motion [37, 38] :
where
∂T 2 and T ν µ is the energy momentum tensor.
In this study we are interested in studying the vacuum case of f (T ) gravity theory, i.e., T ν µ = 0.
Spherically symmetric solution in f(T) gravity theory
Assuming that the manifold is a stationary, spherically symmetric (h i µ ) and has the form: , where (h j µ ) 1 is given by
The tetrad field (10) has been studied in [32] and it has been shown it is a solution to the f (T ) gravitational theory when the unknown functions A(r), A 1 (r), A 2 (r) and A 3 (r) have the form:
where M is the gravitational mass. Equation (11) is an exact vacuum solution to field equations of f (T ) gravitational theory provided that
The LLT (Λ i j ) has the form:
Using Eq. (9) in Eq. (7), one can obtain h = det(h µ a ) = r 2 sin θ and, with the use of Eqs.
(4) and (5), we obtain the torsion scalar and its derivatives in terms of r in the form:
The field equations (8) have the form
Equations (14)- (18), show that the field equations of f (T ) are effected by the inertia which is located in the LLT given by Eq. (13). This effect is related to the non-invariance of the field equations of f (T ) gravitational theory under LLT.
Invariance of f(T) gravitational theory under LLT
The tetrad field (h i µ ) transforms under LLT as:
The derivatives of h i µ , given by equation (19) , has the form:
The non-symmetric affine connection constructed from the tetrad field h i µ , given by equation (19) , has the formΓ
Using equations (19) and (20) in (21) we obtain
where Γ µ νρ is the non-symmetric affine connection constructed from the tetrad field (h i µ ),
given by Eq. (10), which satisfies the field equation of f (T ). Therefore, forΓ µ νρ (which is effected by LLT as shown by equation (22) by the last term) to be identical with Γ µ νρ (which is assumed to satisfies the field equation of f (T )) we must have:
Using Eq (23) then, the torsion, the contortion tensors and the skew symmetric tensorS µν α take the form
Equation (24) shows that the torsion tensor (and all tensors constructed from it) is invariant under LLT. Using equation (24) in the field equations of f (T ), one can easily see that the first, third and fourth terms of the field equations (8) will be invariant under LLT, but the second term, ∂ ρ hh α aS ρν α
will not. This is because of its dependent on the derivative. Therefore, for the term ∂ ρ hh α aS ρν α to be invariant it must take the following form
Using equations (24) and (25) the invariance field equations of f (T ) gravitational theory under LLT take the form:
where T Regularized = T α µνS µν α Regularized . Now its our task to prove that Eq. (26) when applied to the tetrad field (9) will indeed remove the effect of the inertia which appears in the LLT (13) . Calculating all the necessary components of the modified field equations (26) we get a vanishing quantity of the left hand side of Eq. (26) . This means that the tetrad field (9) becomes a solution to the f (T ) field equations (26) which is invariant under LLT § .
Discussion and conclusion
In this study, we have addressed the problem of the invariance of the field equations of f (T ) gravitational theory under LLT. We first used a "general tetrad field" which contained five unknown functions in r. This "general tetrad field" has been studied in [34] and a special § The details calculations of the non-vanishing components of the necessary quantities of the modified field equations (26) are given in Appendix A.
solution has been obtained to the field equations of f (T ) which are not invariant under LLT. This solution is characterized by its scalar torsion is vanishes.
We rewrite this tetrad field, "general tetrad field", into two matrices: the first represents a tetrad field contains four unknown functions in r. This tetrad field has been studied before in [32] and has been shown that it represent an exact solution within the framework of f (T ) gravitational theories, which are not invariant under LLT. The second matrix represent a LLT that satisfies
and contains an arbitrary H(r).
We have applied the field equations of f (T ) which are not invariant under LLT to the general tetrad field. We have obtained a set of non-linear differential equations which depend on the H(r).
To remove the dependence of the arbitrary function H(r), we have rederived the field equations of f (T ) gravitational theory such that they became invariant under LLT. Then, we have applied these invariant field equations to the "generalized tetrad field". We have shown that this "general tetrad field" is an exact solution to the field equations of f (T ) gravitational theory which are invariant under LLT. The non-vanishing components of Λ a b (x) ,ρ :
The non-vanishing components of the non-symmetric affine connection Γ µ νρ Regularized : 
The non-vanishing components of the torsion T µ .
The non-vanishing components ofS 
Using Eq (32) in Eq. (25) we get a vanishing components of ∂ ρ hh α aS ρν α Regularized .
